A new weak Galerkin (WG) finite element method is introduced and analyzed in this paper for solving second order elliptic equations with discontinuous coefficients and interfaces.
Comparing with the existing WG algorithm for solving the same type problems, the present WG method has a simpler variational formulation and fewer unknowns. Moreover, the new WG algorithm allows the use of finite element partitions consisting of general polytopal meshes and can be easily generalized to high orders. Optimal order error estimates in both H 1 and L 2 norms are established for the present WG finite element solutions. Extensive numerical experiments have been conducted to examine the accuracy, flexibility, and robustness of the proposed WG interface approach. In solving regular elliptic interface problems, high order convergences are numerically confirmed by using piecewise polynomial basis functions of high degrees. Moreover, the WG method is shown to be able to accommodate very complicated interfaces, due to its flexibility in choosing finite element partitions. Finally, in dealing with challenging problems with low regularities, the piecewise linear WG method is capable of delivering a second order of accuracy in L ∞ norm for both C 1 and H 2 continuous solutions.
Introduction
In this paper, we will develop a novel weak Galerkin (WG) finite element method for solving a typical two-dimensional (2D) elliptic interface problem −∇ · A∇u = f , in , ❏u❑ Ŵ = u| 1 − u| 2 = ψ, on Ŵ, (1.3) ❏A∇u · n❑ Ŵ = A 1 ∇u| 1 · n 1 + A 2 ∇u| 2 · n 2 = φ, on Ŵ, (1.4) where = 1 ∪ 2 , Ŵ = 1 ∩ 2 , and n 1 and n 2 denote unit outward normals of 1 and 2 . Across the interface Ŵ which could be of Lipschitz continuous, the elliptic coefficient A is discontinuous and the source f can be singular. Based on a much simpler formulation, the proposed WG finite element method will significantly outperform our previous WG algorithm for solving elliptic interface problems [37] , in terms of both robustness and accuracy. Elliptic interface problems with discontinuous coefficients and singular sources are found in many applications, such as fluid mechanics [31] , computational electromagnetics [18, 23, 56, 55] , materials science [25, 29] , and biological science [54, 15, 8] . Since the physical solutions to elliptic interface problems are usually non-smooth or even discontinuous across the interface, the standard numerical methods often perform poorly. Generally speaking, to secure the accuracy near the interface, the jump conditions (1.3) and (1.4) have to be incorporated into the numerical discretization in certain manner.
The finite element solution of elliptic interface problems dates back to 1970s [1] , and has attracted much research interest in the past few decades [4, 10, 13, 42] . In classical finite element methods (FEMs), the irregular geometry is naturally handled by using unstructured meshes that conform to the interface Ŵ and boundary ∂ . The performance of such kind of interface-fitted FEMs depends not only on the quality of underlying finite element partition, but also on the variational formulation of the problem. Because the interface jump conditions are usually not satisfied in common FEM solution spaces, linear constraints based on either penalty methods or Lagrange multipliers have been constructed [16, 6] to impose these conditions in variational formulations. Similarly, Galerkin projections and numerical fluxes have been considered in discontinuous Galerkin (DG) variational formulations [12, 17, 21, 30 ] to weakly enforce the interface conditions. Recently, by approximating differential operators by their weak forms as distributions and treating jump conditions appropriately, a weak Galerkin (WG) FEM has been developed in [37] for solving elliptic interface problems. For moving interfaces and some exotically complex topologies, the construction of high quality FEM meshes could be difficult and time-consuming. This motivates the development of various embedded or immersed FEMs [13, 19, 26, 47, 20, 27, 35, 28, 49, 50] , in which the interface is allowed to cut through finite elements. In immersed FEMs, structured Cartesian meshes can be simply employed so that the time-consuming mesh generation process is avoided, while a sophisticated interface algorithm is indispensable to accommodate the complex interface geometries and jump conditions. In original immersed FEMs [13] , this is achieved through modifying the basis functions inside cut-through elements to weakly satisfy jump conditions. Other interface approaches, such as enforcing jump conditions via fictitious nodes [49, 50] and Lagrange multipliers [26, 20, 27, 28] have also been developed. Convergence analysis of the regular and immersed FEMs for solving elliptic interface problems has been considered by many authors [12, 24, 44, 7] .
The development of finite difference methods for solving elliptic interface problems based on Cartesian grids has also received much attention in the past a few decades. Peskin pioneered the field by introducing a first order accurate immersed boundary method in 1977 [41, 40] . The second order Cartesian grid method for solving elliptic interface problems was first presented by LeVeque and Li in 1994 [32, 34] . In their immersed interface method (IIM), the jump conditions are appropriately imposed via local Taylor's series expansions. In recent years, many other elegant finite difference interface methods have been developed, such as the ghost fluid method proposed by Fedkiw, Osher and coworkers [14] , maximum principle preserving and explicit jump IIMs [33, 48, 3, 34] , coupling interface method [11] , piecewise-polynomial interface method [9] , and matched interface and boundary (MIB) method [56, 57, 52] . Besides finite element and finite difference methods, other effective algorithms for solving elliptic interface problems include integral equation methods [36, 51] , finite volume method [39] , and virtual node method [2, 22] .
Even though a great success has been achieved in the aforementioned studies for solving elliptic interface problems, there are still several hot research topics in the field that call for further development. In particular, challenges remained in designing algorithms for treating very complicated interface geometries, for problems with low regularity solutions, and to achieve higher order of convergence [37] . Recent advances in these directions are briefly reviewed below.
The material interfaces in real applications can be geometrically complicated and very irregular. In some extreme cases with nonsmooth interfaces or interfaces with Lipschitz continuity, geometric singularities, such as sharp edges, cusps and tips, could be encountered. For the interface-fitted FEMs, in order to deal with complex interfaces, it is desired that the variational formulation does not critically depend on the quality of underlying finite element partitions. DG [30] and WG [37] FEMs that potentially allow poorly-generated meshes and/or hanging nodes are thus promising in resolving geometrically complicated interfaces. For the unfitted Cartesian grid methods, significant advance has been made in the literature in the past decade on treating arbitrary interfaces with Lipschitz continuity. The first second order accurate finite difference scheme that is capable to deal with arbitrary nonsmooth interfaces was developed within the matched interface and boundary (MIB) framework in 2007 [53] . The 2D MIB interface techniques have been generalized to 3D in [54] , giving rise to a second order accurate 3D MIB scheme for arbitrary complex interfaces. The 3D MIB scheme finds great success in protein electrostatic analysis [54, 15, 8] and has been recently formulated in the Galerkin formulation [49, 50] . Other second order accurate approaches for arbitrarily complex geometry include the piecewise-polynomial interface method in 2D [9] , the immersed FEM in 2D [26, 27] and 3D [28] , and the embedded method in 2D [2] and 3D [22] . The development of Cartesian grid schemes with orders greater than two for arbitrarily shaped nonsmooth interfaces or geometric singularities remains to be an open problem [37] . In real applications, the geometric singularities of interfaces are usually associated with the loss of regularities in physical solutions [37] . This motivates some studies on solving elliptic interface problems with low solution regularities. For instance, Hou and his coworkers have examined the convergence of their immersed FEMs based on non-body-fitted grids for solving Poisson equations with the interface being C 1 or Lipschitz continuous [27] . In developing numerical methods for elliptic interface problems, higher order of convergence is always one of the major research goals, because high order methods are more accurate and cost-efficient. For Cartesian grid methods, in which the interface could cut the uniform grid in an arbitrary manner, the first second order accurate method developed in the literature is the immersed interface method (IIM) due to LeVeque and Li [32] . Numerous second order Cartesian grid methods have been developed since then, but only a few schemes have potentials to converge in a faster rate in solving elliptic interface problems. The four order formulation of the IIM can be constructed, provided that high order jump conditions are available [34] . Through iteratively using zero and first order jump conditions, a matched interface and boundary (MIB) method has been developed in [57] , which normally achieves a fourth order of convergence in resolving curved interfaces based on simple Cartesian grids and could reach up to sixth order when the interfaces are smooth enough. The high order MIB schemes have been successfully generalized to 3D [52] , as well as for solving electromagnetic interface problems governed by the Helmholtz equation [55] . To achieve a higher order of convergence in the body-fitted FEMs, in which unstructured meshes conform to the interfaces, a proper variational formulation that handles jumps in solution and flux is indispensable. By using piecewise linear basic functions, the previous WG method [37] attains a third order of convergence in both L 2 and L ∞ norms for a simple circular interface problem. By using superparametric elements at the interface, the hybridizable DG method [30] is able to deliver the optimal order of k + 1 in the L 2 norm for several polynomial orders of k.
The goal of this work is to develop a new WG algorithm which significantly advances our previous WG method [37] in formulations and partitions for solving elliptic interface problems. The WG-FEM refers to a general finite element technique for partial differential equations where differential operators (e.g., gradient, divergence, curl, Laplacian) are approximated by their weak forms as distributions. The first WG-FEM was introduced by Wang and Ye [45] for solving second order elliptic equations based on a discrete weak gradient arising from local RT [43] or BDM [5] elements. By using a Lagrange multiplier to handle the interface conditions, the WG algorithm has been successfully applied in [37] for solving elliptic interface problems. However, the WG interface algorithm [37] is based on the original WG method [45] and is limited to classical finite element partitions of triangles in 2D and tetrahedra in 3D. Recently, a mixed WG-FEM has been developed in [46] for the second order elliptic equation, in which the use of stabilization for the flux variable plays a key role in the mixed formulation. The resulting WG mixed finite element schemes turned out to be applicable for general partitions consisting of shape regular polytopes, such as polygons in 2D and polyhedra in 3D. More recently, a new WG-FEM [38] which discretizes the second order elliptic equation in non-mixed form directly, has been constructed to admit general finite element partitions consisting of arbitrary polytopal elements.
A weak Galerkin method was introduced in [37] for the elliptic interface problem using a Lagrange multiplier to handle the interface conditions that leads to a saddle point system. In this paper, a new weak Galerkin method using a parameter free stabilizer has been developed for the same problem. Compared with the WG method in [37] , this method has many new features including symmetric positive definite formulation, fewer unknowns and, more importantly, allowing the use of general meshes such as hybrid meshes, polygonal and polyhedral meshes and meshes with hanging nodes. These features make the new WG-FEM more flexible in handling complicated interface geometries.
The rest of this paper is organized as follows. A new weak Galerkin formulation for the elliptic interface problem (1.1)-(1.4) will be proposed in Section 2. A convergence analysis of the new WG method will be presented in Section 3. In Section 4, we examine the numerical performance of the proposed WG-FEM for solving elliptic interface problems. Besides test problems that admit solutions with low regularities, we will consider a few examples with very complicated interfaces. High order convergence will also be illustrated. Finally, this paper ends with a conclusion.
Methods and algorithms
Let T h be a partition of the domain consisting of polygons in two dimension satisfying a set of conditions specified in [46] . Denote by E h the set of all edges in T h , and let E 0 h = E h \∂ be the set of all interior edges. Let Ŵ h be the subset of E h of all edges on Ŵ. For every element T ∈ T h , we denote by h T its diameter and mesh size h = max T ∈T h h T for T h .
The weak Galerkin methods create a new way to define a function v that allows v taking different forms in the interior and on the boundary of the element: 
where T 0 denotes the interior of T . Since our weak function v is formed by two parts v 0 and v b , we write v as v = {v 0 , v b } in short without confusion.
For a given integer k ≥ 1, let V h be the WG finite element space associated with T h defined as follows
We would like to emphasize that any function v ∈ V h has a single value v b on each edge e ∈ E h . For each v ∈ V h , the weak gradient of it, denoted by ∇ w v, is defined as the unique polynomial (
satisfying the following equation
for any e ∈ E h . Now we introduce two forms on V h as follows:
Let e ⊂ Ŵ be shared by two elements T 1 ⊂ 1 and T 2 ⊂ 2 . We defined three forms 
This WG method is symmetric, positive definite and parameter independent. It also conserves the mass.
Convergence theory
The goal of this section is to provide a convergence theory for the weak Galerkin finite element method (WG-FEM) as described in the previous section. First, we will derive the equation that the error satisfies.
Error equation
For simplicity of analysis, we assume that the coefficient A in (1.1) is a piecewise constant with respect to the finite element partition T h .
Let u h = {u 0 , u b } ∈ V h be the WG-FEM solution arising from the numerical scheme (2.6). Assume that the exact solution of (1.1)-(1.4) is given by u.
For an e ∈ E h shared by the two elements T 1 and T 2 , if e Ŵ, u| T 1 ∩e = u| T 2 ∩e and if e ⊂ Ŵ, u| T 1 ∩e = u| T 2 ∩e . Next we like to define Q h u = {Q 0 u, Q b u} ∈ V h . To ensure Q h u ∈ V h , i.e. Q b u takes single value on any e ∈ E h , we define Q b u in the following way: for e Ŵ, let
Denote by Q h the L 2 projection onto the local discrete gradient space [P k−1 (T )] 
Proof. Using (2.3), the integration by parts and the definitions of Q h and Q h , we have that for any τ ∈ [P k−1 (T )]
2 and for
which implies the desired identity (3.1). For any T ⊂ 2 and ∂ T ∩ Ŵ = ∅, we have
We have proved the lemma.
be the error between the WG finite element solution and the L 2 projection of the exact solution.
Lemma 3.2. Let e h be the error of the weak Galerkin finite element solution arising from (2.6). Then, for any v ∈
Proof. It follows from the integration by parts, (3.1) and (3.2),
Then we have
(3.5) 
and for any T ⊂ 2 and ∂ T ∩ Ŵ = ∅, we have
Combining the two equations above, we obtain
Substituting the above equation in (3.6) yields
The procedure of obtaining the equation above can be used to derive the WG formulation (2.6) by replacing Q h u by u h and dropping the two high order terms ℓ 1 (u, v) and ℓ 2 (u, v).
The difference of the above equation and (2.6) implies (3.3). ✷ 
Error estimates
Letting q = ∇ v 0 in the equation above yields ∇ v 0 = 0 on T ∈ T h . Thus, v 0 = const on every T ∈ T h . This, together with the fact that v 0 = v b on ∂ T and v b = 0 on ∂ , implies that v = 0. We have proved the lemma. ✷
Let T be an element with e as an edge. For any function ϕ ∈ H 1 (T ), the following trace inequality holds true (see [46] for details): Proof. As to (3.10), it follows from the Cauchy-Schwarz inequality and the trace inequality (3.9) that
Using the definition of Q b and (3.9), we obtain
The proof is complete. ✷ Now we are ready to derive the error bound for the WG-FEM approximation. 
(3.14)
It then follows from (3.10) and (3.11) that
which implies (3.13). This completes the proof. ✷
Numerical experiments
In this section, we will explore the performance of the proposed weak Galerkin (WG) method in solving elliptic interface problems. Particular attention will be paid on verifying its high order convergence and examining its robustness in dealing with low regularity solutions and complex geometries. The mesh generation and computation are all conducted in the MATLAB environment. Taking advantage of the availability of analytical solutions in each test example, the necessary boundary and interface conditions are all derived from the exact solutions. Example 1. We first consider a circular interface problem. Here 1 is defined to be a circle with its center at the origin and its radius being 0. 
(4.1) A sequence of uniform triangular meshes is generated in aligning with the interface Ŵ, i.e., r = x 2 + y 2 = 0.5. Based on these meshes, the L 2 errors of the piecewise linear WG-FEM for the solution and its gradient are reported in Table 4 .1. The numerically detected convergence rates are also reported for successively refined meshes. Clearly, the orders of convergence are about two for the solution, and about one for the gradient. This agrees with our theoretical estimates.
We next consider higher order WG finite element methods (WG-FEMs) with the polynomial degree being k = 2 and k = 3. Instead of computing the L 2 error, we check the edge-based L 2 error in the solution, which is defined as
The numerical results are listed in Table 4 .2. It can be seen that the numerical order in the gradient and solution is, respectively, k and k + 1. Thus, the optimal rates of convergence are achieved in these high order WG-FEMs.
Example 2. We next consider a five-point star interface embedded in the domain
The shape of the interface Ŵ and two subdomains 1 and 2 are shown in Fig. 4 The numerical errors of the piecewise linear WG-FEM and high order WG-FEMs are given in Table 4.3 and Table 4 .4, respectively. Again, the optimal rates of convergence are achieved for all k degrees. One numerical solution of the piecewise linear WG-FEM is shown in Fig. 4 .2, which is indeed indistinguishable from the analytical solution.
Example 3. We further examine high order convergences of the WG method by considering a curved interface with both concave and convex segments. Here, Ŵ is parametrized with the polar angle θ Ŵ :
With the domain = (0, 1) 2 , 1 and 2 are set to be the subdomain inside and outside Ŵ, respectively. The coefficient A is chosen to be A 1 = 10 and A 2 = 1 correspondingly. We also set the analytic solution as
We again report the numerical errors in two tables: Table 4.5 and Table 4 .6, because the L 2 norms used in the solution tests are slightly different for the piecewise linear and high order WG-FEMs. It can be seen that for the present non-constant curvature interface, the desired high order convergences are also successfully achieved in the WG method. In Fig. 4 .3, the piecewise linear WG solutions on mesh level 1 and 5 are depicted. Based on a coarse grid, the discontinuous approximation of the WG method over different finite elements can be clearly observed in the mesh level 1. But when a fine mesh is employed, the WG solution appears to be quite smooth for regions away from the interface Ŵ.
In Examples 1, 2, and 3, the high order convergences of the proposed WG method for solving elliptic interface problem are demonstrated. In the following examples, we will investigate the robustness of the WG method in treating low regularity solutions and complex geometry. Only the piecewise linear WG-FEM will be considered for simplicity.
Example 4.
In this and next two examples, we study three interface problems defined geometrically on the same interface and domain [26, 27, 37] , while solutions of different regularities will be studied. Because it is customary to report only L ∞ errors for solutions of low regularities, we will only present L ∞ errors in these three examples as well.
On a rectangular domain = (−1, 3) × (−1, 1), we consider a Lipschitz continuous interface Ŵ that consists of two pieces: y = 2x for x + y > 0 and y = −x/2 for x + y ≤ 0. Thus, the interface Ŵ has a kink at (0, 0). Denote by 1 the region on the left and upper part of Ŵ and by 2 the rest of the domain. The coefficient is given piecewisely as
The analytical solution is chosen as 
if (x, y) ∈ 2 and if x + y > 0.
The L ∞ errors of the piecewise linear WG-FEM are shown in Table 4 .7. We note that the present analytical solution is designed to be of C 2 continuous but not C 3 . For this solution, the proposed WG method attains second and first order of convergence, respectively, for the solution and its gradient. The numerical orders appear to be very uniform and are very close to the theoretical ones. We note that the analytical solution is C 1 continuous but not C 2 , across the line x + y = 0 in 2 . But in the present computation, no special boundary or interface treatment is adopted near this line, so that this line actually cuts through the finite element triangles. Numerically, since the regularity of the solution is low, a reduction in convergence rate could happen in computation. The previous WG method [37] has been found to be very robust in handling such kind of solutions, without order reduction. The L ∞ errors of the present WG-FEM are shown in Table 4 .8. It can be seen that the numerical convergence rates of the piecewise linear WG-FEM are not very uniform. But the new WG-FEM eventually delivers a second and first order of convergence for the solution and its gradient, respectively.
Example 6.
Consider the same interface and geometry as in Examples 4 and 5. The coefficient function is now defined to be
The analytical solution is set to be
(4.8)
We note that the present analytical solution is piecewise H 2 . The solution u(x, y) has a singularity at (0, 0) with blow-up derivatives, and the source f goes to infinity at the origin. In the WG computations, no special treatment is needed for a singular source located on a vertex of triangles. A 12-points Gaussian quadrature is used in all elements for the numerical integration of ( f , v 0 ), where v 0 is defined within the interior of each element. In solving this challenging problem with low regularity, our previous WG method only attains a order of 1.75 in the L ∞ norm for the solution [37] . However, the new WG-FEM yields a fully second order of accuracy in the L ∞ norm, see Table 4 .9. In other words, the proposed WG-FEM still achieves the optimal rates of convergence for both solution and gradient for this low regularity example. The improvement of the present WG algorithm over the previous WG algorithm is believed to be due to the use of piecewise linear basis functions in the present studies. The previous WG studies are based on piecewise constant basis functions [37] .
Example 7.
After examining the robustness of the proposed WG method in dealing with solutions of low regularities, we next study the capability of the WG method for accommodating complex geometries. We first showcase an example by illustrating how the new WG method admits general finite element partitions consisting of arbitrary polytopal elements. For simplicity, we only consider the piecewise linear WG-FEM P 1 (K ) − P 1 (e), and errors are reported in the L 2 norm.
A simple square interface is considered. Let the domain = (0, 
Then the exact solution is chosen as follows:
Different types of meshes are employed in the present WG algorithm. In particular, in 1 , a uniform triangular mesh is used, while in 2 , a uniform rectangular mesh is generated. The initial mixed mesh is shown in the left chart of Fig. 4.4 . Then by connecting the middle points on the edges, the refinement of previous level of mesh is derived. The next level mixed mesh is given in the right chart of Fig. 4.4 .
The numerical errors of the piecewise linear WG method are reported in Table 4 .10. Obviously, the theoretical orders, i.e.,
and O (h) in H 1 norm, are achieved based on such polytopal elements. The WG solutions on the coarsest and finest meshes are depicted in Fig. 4 .5. Because of the high accuracy of the WG algorithm and interface being perfectly represented by the mixed meshes, one could not see much differences between these two WG solutions.
Example 8.
We next consider an arbitrarily shaped interface Ŵ, whose parametric form is given as In our test, the coefficient function is taken as
(4.12)
The analytical solution is set as
The L 2 errors of the piecewise linear WG-FEM are listed in Table 4 .11. With successive mesh refinements, the WG method is able to deliver second order of accuracy in solution for this challenging problem. The WG solutions are shown in Fig. 4 .7. It can be seen that the approximation of Ŵ by level 1 mesh is very crude. Nevertheless, the WG solution has already captured the main features of the solution at mesh level 1. At mesh level 4, the numerical solution is visually the same as the analytical solution. Table 4 .12. Again, the WG method attains the optimal rate of convergence. The numerical solutions are shown in Fig. 4 x(t) = r(t) cos(θ (t)), y(t) = r(t) sin(θ (t)), (4.14) where θ(t) = t + sin(4t), r(t) = 0.6012563 + 0.2401256 cos(4t + π/2). 
Conclusion
This paper introduces a new weak Galerkin (WG) method for solving two-dimensional (2D) elliptic interface problems, which not only maintains various nice features of the previous WG algorithm [37] , but also becomes more flexible and robust in handling complex interfaces. The WG method is a finite element method (FEM), in which differential operators are approximated by their weak forms as distributions. The first WG-FEM was introduced by Wang and Ye [45] and has been successfully applied to solve elliptic interface problems in [37] . Being flexible in enforcing boundary and interface conditions in the WG formulation, the WG interface approach can produce high order convergences in treating challenging elliptical solutions with low regularities. Recently, improved WG-FEMs have been constructed in [46, 38] which make use of a parameter-free stabilization in the WG formulation and allow the use of general partitions consisting of arbitrary polytopal elements. In the present study, we propose a new WG interface approach based on the WG-FEMs in [46, 38] and analyze its convergence rigorously. Such a WG formulation turns out to be much simpler than the previous one [37] for elliptic interface problems. Extensive numerical studies have been conducted to validate the proposed WG method in solving elliptic interface problems. In dealing with problems with low solution regularities, the new WG method outperforms the previous WG method by delivering a uniform second order for all tested problems. Such an improvement is believed to be due to the use of piecewise linear basis functions in the present WG formulation, while the previous WG results were produced by using piecewise constant basis functions [37] . Moreover, the new WG method is easier to be generalized to higher order. We have demonstrated such high order of convergences by considering different interface problems. The numerical convergence rates agree with our theoretical estimates very well. Furthermore, we have studied several problems with very complex interface geometries, which can not be handled by the previous WG method, while the flexibility of the new WG method in choosing finite element partitions enables an accurate approximation to these difficult problems. 
